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AN ALGEBRAIC OPERATIONS FOR TWO
GENERALIZED 2-DIMENSIONAL QUADRATIC FUZZY
SETS

YonNa SIK YUN*

ABSTRACT. We generalized the quadratic fuzzy numbers on R to
R2. By defining parametric operations between two regions valued
a-cuts, we got the parametric operations for two triangular fuzzy
numbers defined on R2. The results for the parametric operations
are the generalization of Zadeh’s extended algebraic operations. We
generalize the 2-dimensional quadratic fuzzy numbers on R? that
may have maximum value h < 1. We calculate the algebraic oper-
ations for two generalized 2-dimensional quadratic fuzzy sets.

1. Introduction

We calculated the algebraic operator for two generalized trapezoidal
fuzzy sets ([6]) and for two one-sided quadrangular fuzzy sets ([7]). We
generalized the triangular fuzzy numbers on R to R? and calculated
the algebraic operator for two 2-dimensional triangular fuzzy numbers
([4]). We proved that the results for the parametric operations are the
generalization of Zadeh’s max-min composition operations ([2]).

We generalized the quadratic fuzzy numbers on R to R? ([3]). By
defining parametric operations between two regions valued a-cuts, we
got the parametric operations for two triangular fuzzy numbers defined
on R2. The results for the parametric operations are the generalization
of Zadeh’s extended algebraic operations ([5]). We generalize the 2-
dimensional quadratic fuzzy numbers on R? that may have maximum
value h < 1. We calculate the algebraic operations for two generalized
2-dimensional quadratic fuzzy sets.
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2. Preliminaries

We define a-cut and a-set of the fuzzy set A on R with the member-
ship function pa(x).

DEFINITION 2.1. An «-cut of the fuzzy number A is defined by A, =
{r eR| pa(z) > a}if a € (0,1] and Ag = cl{z € R | pa(z) > a}. For
a € (0,1), the set A* = {x € X | pua(x) = a} is said to be the a-set
of the fuzzy set A, A® is the boundary of {x € R | pa(z) > a} and
Al = Ay,

Following Zadeh, Dubois and Prade, the extension principle is defined
as follows:

DEFINITION 2.2. [8] The extended addition A(+)B, extended sub-
traction A(—)B, extended multiplication A(-)B and extended division
A(/)B are fuzzy sets with membership functions as follows. For all
x € Aandye€ B,

1A B(2) = s min{pa(z), pp(y)}, *=+,—,- /.

We defined the parametric operations for two fuzzy numbers defined
on R and showed that the results for parametric operations are the same
as those for the extended operations ([1]). For this, we proved that for
all fuzzy numbers A and all « € [0, 1], there exists a piecewise continuous
function f,(t) defined on [0,1] such that A, = {fa(t)|t € [0,1]}. If A
is continuous, then the corresponding function f,(t) is also continuous.
The corresponding function f,(t) is said to be the parametric a-function
of A. The parametric a-function of A is denoted by fo(t) or fa(t).

DEeFINITION 2.3. Let A and B be two continuous fuzzy numbers de-
fined on R and fa(t), fg(t) be the parametric a-functions of A and B,
respectively. The parametric addition, parametric subtraction, para-
metric multiplication and parametric division are fuzzy numbers that
have their a-cuts as follows.

(1) parametric addition A(+),B :

(A(+)pB)a - {fA(t) + fB(t) ‘ te [07 1]}
(2) parametric subtraction A(—),B :

(A(=)pB)a = {fa(t) = f5(1 = 1) [t € [0, 1]}.
(3) parametric multiplication A(-),B :
(AC)pBla = {fa(t) - f5(t) [ t € [0, 1]}.
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(4) parametric division A(/),B :
(A(/)pB)a = {fa(t)/fp(1 =) | t € [0,1]}.
THEOREM 2.4. [1] Let A and B be two continuous fuzzy numbers de-

fined on R. Then we have A(+),B = A(+)B, A(—),B = A(—)B, A(-),B
= A(-)B and A(/),B = A(/)B.

3. A generalized 2-dimensional quadratic fuzzy sets

In this section, we define the generalized 2-dimensional quadratic
fuzzy sets on R%2. We defined the parametric operations between two
2-dimensional quadratic fuzzy numbers using the operations between a-
sets in R%. In R? the a-sets are regions, which makes the existing method
of calculations between a-sets. We interpret the existing method from a
different perspective and apply the method to the region valued a-sets
on R2.

DEFINITION 3.1. A fuzzy set A with a membership function pa(z,y)

{h (R ), B — @) o+ ¥y - y)? < ha®P?,

— a?

0, otherwise,

where a,b > 0 and 0 < h < 1 is called the the generalized 2-dimensional
quadratic fuzzy set and denoted by [[a, x1, h, b, y1]]°.

Note that p4(z,y) is a cone. The intersections of 4 (z,y) and the
horizontal planes z = o (0 < a < 1) are ellipses. The intersections
of pa(x,y) and the vertical planes y — y; = k(x — z1) (k € R) are
symmetric quadratic fuzzy sets in those planes. If a = b, ellipses become
circles. The a-cut A, of a generalized 2-dimensional quadratic fuzzy set
A = [[a, 1, h,b,y1]]? is an interior of ellipse in an zy-plane including the
boundary

Aa={(@,y) € R | (2 — 1) + a*(y — 1) < a®*(h — ) }
x—1x1)2 — 2
_ {(x,y) € R? \ C(LQ(h _1(1) + b%/(h fli) < 1}.

THEOREM 3.2. [1] Let A be a continuous convex fuzzy number defined
on R? and A% = {(x,y) € R?|pa(z,y) = a} be the a-set of A. Then for
all « € (0,1), there exist continuous functions f{*(t) and f§'(t) defined
on [0, 2] such that

A% ={(ff (1), f£() eR*0 < t < 27}
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DEeFINITION 3.3. Let A and B be convex fuzzy numbers defined on
R? and

{(z,y) € RP*|palz,y) = o} = {(f(¢), f5(1)) € R?0 < t < 2},
{(z,y) € R*|up(z,y) = a} = {(97(t), 95 (1)) € R?0 < t < 27}

be the a-sets of A and B, respectively. For o € (0,1), we define that the
parametric addition A(+),B, parametric subtraction A(—),B, paramet-
ric multiplication A(-),B and parametric division A(/),B of two fuzzy
numbers A and B are fuzzy numbers that have their a-sets as follows.

(1) A(+)pB :

(A(4)pB)* = {(f(t) + g£(t), f5(t) + g5 (t)) € R*0 < ¢ < 27}
(2) A(-)pB:

(A(=)pB)* = {(za(t),ya(t)) € R2|0 < t < 27}, where

Ta(t) = ) —gft+m), if 0<t<m
TN gt —m), if m<t<2m

A® T,y
B¢ T,y

and

)8 t) —gs(t+m), if0<t<n7
Yalt) = { 1(75) —gi(t—ﬂ'), if m<t<or.
DB = {7 (0) - g7 (0) F5(0) - 95() € R2p < ¢ < 2m).
(A(/),B)* = {(za(t), ya(t)) € R0 < t < 27}, where

_ @

and

For « = 0 and a = 1, (A(x),B)° = lim,_+(A(x),B)* and
(A(x)p,B)! = lim,_,;- (A(x),B)%, where x = +, —, -, /.
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THEOREM 3.4. Let A = [[al, x1, hl, bl, yl]]Q and B = [[CLQ, x9, hQ,
ba, y2]]? (0 < hy < hy < 1) be two generalized 2-dimensional quadratic
fuzzy sets. Since A and B are convex fuzzy sets defined on R?, by
Theorem 3.2, there exists f{*(t), gi*(t) (i = 1,2) such that

A* ={(z,y) € R?|pa(z,y) = a} = {(f{ (1), f5'(t)) € R*|0 <t < 27}
and
B* ={(z,y) € R*|up(z,y) = a} = {(g7(t), 95 () € R?|0 <t < 27}

Since A = [[a1, z1, h1, b1, 1]]? and B = [[as, T2, ha, b, y2]]?, we
have

fi'(t) = x1 + a1/h1 — acost, f5(t) =y1+ bl\/Hsint

and

g% (t) = w2 + ag\/ha — acost, g3(t) = ya + bay/ha — asint.

We have the followings.
(1) Let 0 < a < hy. Since

FE) + g2(t) = o1 + 22 + (a1v/h1 — a + agv/ha — ) cost

and
F5(t) + g5(t) = y1 + 2 + (b1v/h1 — a + byy/hy — @) sint,
we have
T — T — 9 2
A(+)pB)* =1 («, GRQ‘
(A(+),B)* ={(z,y) <a1 — T—J

— oy — 2
* (bl\/hly— ayju bgij/zhg = a> - 1}'

(2) Let 0 < v < hy. IFO <t <,

FE@) = g (t+m) = 21 — 22 + (a1/h1 — o+ ag/hy — a) cost

and

[5(8) = g5 (t+m) =y —y2 + (/I — a + bav/hy — o) sint.

In the case of 1 <t < 27, we have

fi@) =gt (t = m) = fi'(t) — g7 (t + )

and
f3(t) — g5 (t —m) = f5'(t) — g5 (t +m).
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Thus
(A, B ={ (@) e B[ (=0T )7
a1vhy —a+azvhy —
_ + 2
- (bl\/hly— Oéy-il- b2%/Qh2 - a) B 1}.
(3) Let 0 < o < hy and (A(-)pB)* = {(za(t),ya(t)) | 0 < t < 27},

Since
i) =21+ a1V hi —acost, f5(t) =y +bivh1 —asint
and
95(t) = x2 + ag\/ha — acost, ¢5(t) = y2 + bay/ha — asint,
we have

2o (t) = 129 + (T102V/ h2 — O + 2201/ h1 — @) cost

+a1a2\/h1 — a\/hg — acos?t

and
Yo(t) = y192 + (yle\/m + yab1 \/hlj) sint
+ blbg\/hl — a\/hg — asin’t.

(4) Let 0 < a < hy and (A(/)pB)® = {(za(t),ya(t)) | 0 < t < 27},
Similarly, we have

1 +ai1vhi — acost
zo(t) = nd
To — agv hy — acost
y1 + bivhy —asint
Ya(t) =

ya — bav/hgy — acsint

If @ = hy, we have (A(x),B)"M = limoﬁhl‘ (A(%)pB)®, * =+, —,
-/, and for hy < a < hgy, by the Zadehs max-min principle
operations, we have to define (A(x),B)* =0, * =+, —, -, /.

EXAMPLE 3.5. Let A = [[6, 3, &, 8, 5]]? and B = [[4, 2, 2, 5, 3]]%.

Then by Theorem 3.5, we have the following.
(1) For 0 < o < %, the a-set (A(+),B)® of A(+),B is

{(m’y) < RQ‘ (9\/2 = ifxx—i—_f\)/ﬁ = 9a)2

+( 3y -8 )2:1}.

12¢/2 — 4o+ 56 — 9«
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(2) For 0 < o < %, the a-set (A(—),B)* of A(—),B is

{(””’y) < RQ‘ (9\/2 = ifxx—i—_zll\)/ﬁ = 9a)2

_ 2
+(12\/2 34(3 + E2>)\/6 - 9a) - 1}'
(3) For 0 <o < %, (A(-)pB)* = {(za(t), ya(t)) | 0 < t < 27}, where
To(t) = 6 + (4v/6 — 9a + 61/2 — 4a) cost
+4+/(2 — 40) (6 — 9a) cos® ¢,

2

Ya(t) = 15 + (35\/6 —9a + 12v/2 — 4a) sint
2

+ 30 (2 — 40)(6 — 9a) sin® ¢.

(4) For 0 < a < L, (A(/)pB)* = {(za(t),ya(t)) |0 < t < 27}, where
_9+9\/2—4acost _ 15+ 124/2 — 4asint

alt) = 3 olt) = - .

Talt) = e et YT 9 5v6 dasms

For a > 3, we have (A(x),B)* =0, *=+, —, -, /.
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